We consider large optical networks in which nodes employ wavelength-routing switches which enable the establishment of wavelength-division-multiplexed (WDM) channels, called lightpaths, between node pairs. We propose a practical approach to solve routing and wavelength assignment (RWA) of lightpaths in such networks. A large RWA problem is partitioned into several smaller subproblems, each of which may be solved independently and e ciently using wellknown approximation techniques. A multicommodity ow formulation combined with randomized rounding is employed to calculate the routes for lightpaths. Wavelength assignments for lightpaths are performed based on graph-coloring techniques. Representative numerical examples indicate the accuracy of our algorithms.
Introduction
Wavelength division multiplexing (WDM) can divide the tremendous bandwidth of a ber (potentially a few tens of terabits per second) into many non-overlapping wavelengths (WDM channels). Each channel can be operated asynchronously and in parallel at whatever speed one desires, e.g., peak electronic speed of a few Gbps. WDM wide-area networks (WANs) 1, 4] employ tunable lasers and lters at access nodes and optical/electronic switches at routing nodes (see Fig. 1 ). An access node may transmit signals on di erent wavelengths, which are coupled into the ber using wavelength multiplexers. An optical signal passing through an optical switch may be routed from an input ber to an output ber without undergoing optoelectronic conversion. A lightpath 1] is an all-optical channel which may be used to carry circuit-switched tra c, and it may span multiple ber links. In the absense of wavelength convertors, a lightpath would This work has been supported by NSF Grant Nos. NCR-92-05755 and NCR-95-08239. occupy the same wavelength on all ber links through which it passes. This is called the wavelengthcontinuity constraint in wavelength-routed networks. Given a set of lightpaths, we need to route and assign a wavelength to each of them; this is called the routing and wavelength assignment (RWA) problem 4, 5] . The RWA problem can be formulated as a mixed-integer linear program 4], in which wavelength assignment reduces to the node-coloring problem in a graph, and is hence NP-complete. Heuristics have been proposed to solve the RWA problem 4, 5] ; however, these RWA formulations, when applied to large problems, become computationally expensive.
In this paper, we employ practical and well-known approximation algorithms to solve the RWA problem for large networks. Our objective is to minimize the number of wavelengths needed to carry a certain number of connections (lightpaths), assuming a known physical topology. The RWA problem is decomposed into a number of subproblems which are solved independently in tandem. We formulate a linear program (LP) (using the idea of multicommodity ows), which takes as input the physical topology and the lightpaths to be routed, and uses a general-purpose LP solver to obtain link-ows in the network. Since the general form of the LP can easily overwhelm the capabilities of today's computing facilities, even for moderate-sized networks, we develop techniques to prune the size of the LP. Pruning is based on tracking a limited number of alternate breadth-rst paths between source-destination pairs. We then use randomized rounding to convert the fractional ows provided by the LP solution to integer ows through the physical ber links. Then, graph coloring algorithms are used to assign wavelengths to the lightpaths. Our solution is asymptotically close to the lower bound on the number of wavelengths needed to route the given set of lightpaths 1 .
First, we study RWA for a known set of lightpaths, called the static lightpath establishment (SLE) problem. Then, we extend our approach for dynamic lightpath establishment (DLE).
Problem Formulation
Our objective is to minimize the number of wavelengths needed to support a given set of lightpaths on a given physical topology. The RWA problem, without the wavelength-continuity constraint, can be 1 Because we prune the search space, there may be a small discrepancy between the absolute lower bound and our result; however, we can make the di erence arbitrarily small by increasing the number of alternate paths.
formulated as a multicommodity ow problem with integer link ows. This corresponds to an integer linear program (ILP) with the objective function being to minimize the ow in each link. Let sd denote the tra c (in terms of a lightpath) from source s to destination d. We 
F sd ij = 0; 1
This problem is NP-complete but it is approximated below using randomized rounding.
Problem Size Reduction
In the general multicommodity formulation, the number of equations and the number of variables grow rapidly with network size. For example, let there be 10 nodes, 30 links (ij pairs), and an average of 4 unidirectional lightpaths (sourced as well as sinked) per node. In the general formulation, the number of sd variables is 10 * 9 = 90, since there are 90 s-d pairs. The number of F sd ij variables will be 90 sd pairs * 30 ij pairs = 2,700. The number of equations will be 3,721 2 . The numbers of variables and equations grow proportionally with the square of the number of nodes.
A smarter solution would only consider the sd variables that are 1, thus reducing the number of sd variables from 100 to 40, i.e., eliminate all of Equations (4). Also, this will reduce the number of F sd ij variables to 40 * 30 = 1200. This approach is speci c to the particular instance of lightpaths, because the sd need to be hardwired into the problem formulation.
The number of variables can be reduced further if we assume that a given lightpath will not pass through all of the ij links. If we know the links which have a good probability of being in the path through which a lightpath may pass, we can only consider those links as the F sd ij variables for that particular sd pair. Thus, if on an average, a lightpath sd passes through 7 links, there will be approximately 40 * 7 = 280 F sd ij variables. We employ an extended breadth-rst search 3 to obtain a set of alternate, shortest paths between a given s-d pair. The links constituting these alternate paths are then used as part of the LP formulation. Also, as part of the randomized rounding algorithm, we relax the integrality constraints, hence eliminating all of Equations (5). Thus, we are left with only 351 equations, viz. Equation (1), 30 instances of Equations (2), and 320 instances of Equations (3) 4 Hence, hardwiring information speci c to a set of lightpaths can drastically prune the size of the LP, making it tractable for large networks.
Randomized Rounding
Randomized rounding has been studied extensively 3]. The relation of an ILP to its fractional relaxation has been the subject of considerable interest. Such e orts fall into two categories: (1) showing existence results for feasible solutions to an ILP in terms of the solution to its fractional relaxation, and (2) using the information derived from the solution of the relaxed problem in order to construct a provably-good solution to the original ILP.
The randomized rounding technique is applicable to a class of 0-1 ILPs and yields results in both categories listed above. The technique is probabilistic, i.e., with high probability, the algorithm will provide an integer solution in which the objective function takes on a value close to the optimum of the rational relaxation. This is a su cient condition to show the near-optimality of our 0-1 solution since the optimal value of the objective function in the relaxed version is better than the optimal value of the objective function in the original 0-1 integer program. This technique has been e ectively used in multicommodity ow problems.
In a general, undirected, multicommodity ow problem, we are given an undirected graph G(V; E) and k commodities that need to be routed. In one problem instance, various vertices are the sites of sources and sinks for a particular commodity. One unit of ow is to be conveyed from each source s t to each destination d t through the edges in E. Each edge e E has a capacity c(e) which is an upper limit on the amount of ow in E. The ow of each commodity in each edge must be 0 or 1. The objective function is to minimize the common capacity in each link, while still realizing unit ows for all commodities. The general integral problem is known to be NP-complete, although the non-integral version can be solved using linear programming methods in polynomial time.
In our problem formulation, each commodity is a lightpath from a source to a destination, the capacity is the number of wavelengths supported in each ber, and the objective function is to minimize the number of wavelengths needed to accommodate all of the lightpath requests.
The algorithm consists of the following three phases: (1) solving a non-integral multicommodity ow problem, (2) path stripping, and (3) randomized path selection.
(1) Non-Integral Multicommodity Flow. We relax the requirement of the 0-1 ows to allow fractional ows in the interval 0,1]. The relaxed capacity-minimization problem can be solved by a suitable linear programming method. If the ow for each commodity i on edge e E is denoted by f i (e), a capacity constraint of the form P k i=1 f i (e) C is then satis ed for each edge in the network, where C is the optimal solution to the non-integral, edge-capacity optimization problem. The value of C is also a lower bound on the best possible integral solution.
(2) Path Stripping. This phase converts the edge ows for commodity i into a set i of possible paths which could realize the ow of commodity i. Initially, i is empty. For each commodity i:
1. We discover a loop-free, depth-rst, directed path e 1 ; e 2 ; :::; e p from source to destination. 3. Remove any edges with zero ow from the set of edges that carry any ow for commodity i. If there is non-zero ow leaving s i , repeat Step 2. Otherwise, continue for next i.
Upon termination, the sum of the weights of all the paths in i is 1. Path stripping gives us a set of paths i that may carry the ow for commodity i in the optimal case.
(3) Randomization. For each i, cast a j i j die with face probabilities equal to the weights of the paths in i . Assign to commodity i, the path whose face comes up. It has been shown in 3] that, provided C 2 ln j E j, the integer capacity of the solution produced by the above procedure does not exceed C + q 3Cln jEj ; where 0 1; with probability at least 1 ? .
In our problem formulation, we allow the F sd ij to take on fractional values, which are then used to nd the fractional ow through each of a set of alternate paths. A coin-tossing experiment is used to select the path over which to route the sd , based on the probability of the individual paths.
Graph Coloring
Once a path has been chosen for each lightpath, the number of lightpaths traversing any physical ber link de nes the congestion on that link. Now, we need to assign wavelengths to each lightpath such that any two lightpaths that pass through the same physical link are assigned di erent wavelengths.
Assigning wavelength colors to lightpaths, so as to minimize the number of wavelengths (colors) under the wavelength-continuity constraint, reduces to the following graph coloring problem.
1. Construct a graph G(V; E), so that each lightpath in the system is represented by a node in graph G. There is an undirected edge between two nodes in graph G if the corresponding lightpaths pass through a common physical ber link.
Color the nodes of the graph G such that no two adjacent nodes have the same color.
This problem is NP-complete, and the minimum number of colors needed to color a graph G (called chromatic number (G)) is di cult to determine. However, there are e cient sequential graph coloring algorithms which are optimal in the number of colors used 2].
In a sequential graph coloring approach, vertices are sequentially added to the part of the graph already colored, and new colorings are determined to include each newly-adjoined vertex. At each step, the total number of colors necessary is minimized. Observe that some particular sequential vertex coloring will yield a (G) coloring. Let A i be the vertices colored i by a (G) coloring of G.
Then, for any ordering of the vertices V (G), which has all members of A i before any member of A j for 1 i j (G), the corresponding sequential coloring will be a (G) coloring.
Note that, if (G) denotes the maximum degree in a graph, then (G) (G) + 1. However, intuitively, if a graph has only a few nodes of very large degree, then coloring these nodes early will avoid the need for using a very large set of colors. This gives rise to the following theorem. We employ the smallest-last coloring algorithm to color our lightpaths. There may exist better algorithms for graph coloring; however, we chose this algorithm for the sake of simplicity and because our paper's contribution is a methodology on how to solve large RWA problems e ciently, rather than to propose the best possible method to solve each subproblem.
Illustrative Examples
For illustration purposes, we consider a randomly-generated network consisting of 100 nodes, each having a physical nodal degree uniformly distributed between 2 and 5. All links are unidirectional, and there are 357 directed links in our simulated network. A set of lightpaths needs to be established between random source-destination (s-d) pairs, such that an s-d pair can have 0 or 1 lightpath, and each s-d pair is chosen with equal probability. Associated with each (source) node, we identify a quantity d, the average number of lightpath connections the node will source. Thus, in an N-node network, the probability that a node will have a lightpath with each of the remaining (N ? 1) nodes equals d=(N ? 1) . Note that d can also be considered to be the average \logical degree" (hereafter, referred to simply as \degree") of a node. We assume that there are enough transceivers at the access nodes to accommodate all of the lightpath requests that need to be established.
Static Lightpath Establishment (SLE)
We consider the static lightpath establishment (SLE) problem rst. Given the physical topology and the set of connections to be routed, we generate the reduced linear program to obtain an asymptotic lower bound on the number of wavelengths required for the RWA problem.
The linear program formulation is solved by a LP solver called lpsolve. The resultant output (containing the ow values for the F sd ij variables and the value of the objective function) is used as input for randomized rounding. The value of the objective function would denote the asymptotic lower bound on the number of wavelengths that can be achieved by any RWA algorithm. Using the values of the individual variables F sd ij , we use the path-stripping and the randomization techniques detailed in Section 2.2 to assign physical routes for the di erent lightpaths. The randomized rounding algorithm is run ten times (each with a di erent seed) on each LP output, and the best result obtained is chosen. This generates the congestion on the di erent links in the network. Wavelength assignment for a lightpath is performed by generating the con ict graph; each lightpath corresponds to a node in a con ict graph G, and lightpaths that pass through a common physical link are adjacent nodes in graph G. Coloring the nodes of graph G, such that adjacent nodes get di erent colors, corresponds to assigning wavelengths correctly to the lightpaths. We use the smallest-last vertex coloring algorithm as detailed in Section 2.3.
Numerical results for the 100-node random network are shown in Table 1 . The LP experiments were run on an unloaded DEC-Alpha workstation, and the time taken for each experiment provides relative guidance on the time complexity of this approach. In Table 1 , note that when the number of alternate paths is 1, the LP lower bound exactly matches the congestion, as expected, because this case corresponds to shortest-path routing. For larger values of P, the number of wavelengths needed to color all lightpaths is lower than that for P=1, but a little higher than and very close to the maximum congestion in the network. The maximum network congestion gives the number of wavelengths we would need in the network, if the intermediate switching nodes were equipped with wavelength convertors, so that there was no wavelength-continuity constraint for a lightpath.
The time taken to solve the linear program increases rapidly as the number of connections increase (corresponding to larger problem formulations). The table entries which are nil correspond to the case when the LP solver failed to give a solution due to lack of memory.
Dynamic Lightpath Establishment (DLE)
For dynamic lightpath establishment (DLE), a lightpath is routed on the least congested path (LCP) between a s-d pair. The wavelength allocated on this path is the rst wavelength that is free among all of the links in this path, where wavelengths are numbered sequentially.
The results (with regard to congestion and number of wavelengths) will depend on the order in which the connections arrive. For DLE, the network is assumed to be wide-sense non-blocking, i.e., existing connections are not rerouted to accommodate a new connection. The set of connections are kept the same as in the static case. To provide a fair comparison, we note that the congestion results using LCP routing are very close to the optimal results obtained in the SLE case, after running the randomized rounding algorithm. This is understandable since the LCP algorithm tries to adaptively minimize the congestion as each connection arrives. It is expected that, as congestion increases, the number of wavelengths needed in the DLE case will exceed the wavelengths needed in the SLE case.
The results for DLE are given in Table 2 . The set of lightpaths is the same as those in SLE; however, the order in which the lightpaths arrive is changed randomly. Each experiment is analyzed over ten random arrival patterns for the lightpaths. Figure 3 shows the distribution of the congestion on the network's links, viz. the number of links that have a particular congestion value, with increase in the nodal degree d. As expected, the congestion in the links increases with increasing nodal degree.
Conclusion
We studied large instances of the routing and wavelength assignment (RWA) problem in wavelengthrouted optical networks. The objective was to minimize the number of wavelengths needed, given a set of lightpath requests. The problem was studied for the static case (where all lightpath requests are available in advance) as well as the dynamic case (where lightpath requests arrive and need to be established one by one). A linear programming formulation was used along with good approximation techniques to solve the static RWA problem by partitioning it into several smaller, manageable subproblems. Simple heuristics were used for the dynamic case; the results obtained in each case were close to an asymptotic lower bound obtained through a LP formulation. Table 2 : Sample numerical results for dynamic lightpath establishment (DLE) using the LCP routing scheme on the same 100-node random network as in Table 1 . Same set of lightpaths as in Table 1 is considered, but lightpaths are made to arrive randomly. Results in this table are averaged over 10 random arrival patterns of lightpaths. 
